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Reduced-Computation End-Game Steering Laws
for Predictive Guidance
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A reduced-computation end-game (RCEG) steering law is derived for predictive guidance and simulated for
a class of command guided weapons. The RCEG law considers maneuver control system response dynamics
and variable axial and normal accelerations. It substantially reduces the guidance computational burden, while
achieving accuracy comparable to that realizable with iterative predictive guidance (IPG). With IPG, each iteration
requires numerical integration of vehicle equations of motion to predict the miss distance, whereas the RCEG
law is noniterative and requires no integration. RCEG guidance uses closed-form miss distance estimates based
upon lumped-parameter rotational and translational dynamics. Results of a six-degree-of-freedom simulation of
a hypersonic intercept weapon system indicate that the RCEG law, compared with a representative form of IPG,
has miss distances that are statistically similar to those of IPG but a computational burden smaller by a factor of

approximately 36.

Nomenclature
A = Eq. (18)
a = divert maneuver acceleration
ap, as, as = divert maneuver accelerations over interval ,
t—MFT,<t*<t+Ty
t+ Ty <t* <t+ At+ T, and
t* >t + At + Ty, respectively
= Eq. (19); as subscript denotes ballistic
= binary variable, unity for formulation B, zero for
formulation A
C = Eq. (20); also, number of floating operations per
integration interval; as subscript denotes
guidance command

> &

Ca,Cp = axial force coefficient and drag coefficient,
respectively
Cn, = partial derivative of normal-force coefficient

with respect to «
Cy, = partial derivative of sideforce coefficient with
respect to B

D = drag; as subscript denotes component along drag
axis

F, = Egs. (A1-A3)

F = Eq. (A4)

S,y 33 = Egs. (AS), ..., (A13)

Gy, ..., G3 = Eqgs. (57), ..., (60)

g = local acceleration of gravity

Hy, ..., Hy = Egs. (38), (42), (47), and (54), respectively
Hs,, Hy, = Egs. (B7) and (B8), respectively
sar --.» Hse = Egs. (B9),..., (B11)

I = number of iterations per guidance decision

i = subscript denoting axis in Earth-centered
Earth-fixed system (except Af; = integration
step)

Jigs oo s Joc = Egs. (B1), ..., (B6)

K = guidance law gain, Eq. (70)

Ky = coefficient of drag induced by normal force

Ky = coefficient of drag induced by sideforce

ko, ..., k330 = Eqgs. (Al4), ..., (A22)

L = lift; as subscript denotes component along lift
axis

m = mass
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N = normal force

P = subscript denoting guided vehicle

q = dynamic pressure

R = geocentric radius to flight vehicle

S = reference area

T = predicted time to go; as subscript denotes target
vehicle

Ty = transport delay

t = time of guidance decision

ty = predicted final time (of closest approach)

t, = dummy variables of integration

v = speed

w = duration of command

X = position coordinate in Earth-centered Earth-fixed
system

Y = sideforce; as subscript denotes component along
sideforce axis

o, fp = aerodynamic angle of attack and angle of
sideslip, respectively

y = flight-path climb angle relative to local horizontal

A() = difference operator
ap, 8v = generalized position and velocity increments,
respectively, produced by divert maneuver

3 = position increment in Earth-centered Earth-fixed
system produced by divert maneuver

= predicted miss distance

= projection of ¢ on air-path axes

= g excluding effect of guided-vehicle C, term

= velocity divert angle

= longitude and latitude, respectively

= target-vehicle angular rate of coning oscillation

= first-order time constant of guided-vehicle
lumped-parameter divert acceleration response

= flight-path heading angle relative to local North

= phase angle of target-vehicle coning oscillation

£ = Earth sidereal rate about polar axis
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I. Introduction

ND-GAME steering laws can be used during the final moments

of flight of a guided intercept vehicle to achieve a desired fi-
nal position (point of collision) and, in some cases, desired final
velocity vector. The steering produced by classical proportional
navigation may not be adequate for highly demanding end-game
applications because it fails to account for dynamic lags in the in-
terceptor maneuver control system and also because it assumes that
the interceptor and target have no axial accelerations. Zarchan' pro-
vides a comprehensive treatment of proportional navigation and an
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introduction to predictive guidance. Kim et al.> employ a kinematic
algorithm to predict collision courses. Looze et al.? analyze use of
target acceleration estimates in the end game. Cochran et al.* obtain
analytical solutions to the nonlinear equations of relative motion for
a constant-velocity target and an interceptor steered via a form of
proportional navigation. Baba et al.® derive a collision course guid-
ance law for the problem in which the interceptor and target axial
accelerations are constant.

The maneuver control system dynamics can be particularly criti-
cal if one must meet stringent end-game requirements. A generally
accepted approach for noniterative predictive guidance is to com-
pute the unguided final miss distance, called the “zero-effort miss,”
via step-by-step numerical integration at each time of solution using
modeled dynamics of the guided vehicle and its target.! The accel-
eration steering command is then set proportional to the zero-effort
miss and usually is also made inversely proportional to the square of
the predicted time to go T'. Accuracy of single-pass predictive guid-
ance may not be sufficient, however. On the other hand, brute-force,
iterative guidance methods provide high accuracy but are computa-
tionally intensive. An example is IPG, which uses the acceleration
command found from a suitable first iterate and makes a reprediction
as its second iterate. Then, knowing the change in command from
the first iterate to the second, and knowing also the resulting change
in predicted miss, one can infer the sensitivity of one to the other and
use that to compute the third iteration, and so forth. Each iteration
can use knowledge of the vehicle acceleration limits and desirably
will command maneuvers early in the end game so as to avoid or
reduce terminal saturation. The iterated solutions for 7 > 0 can be
expected to converge to zero final miss distance without producing
terminal saturation if the interceptor has sufficient end-game time
and maneuver authority; however, it is not uncommon to need as
many as 50 iterations to achieve this convergence in demanding IPG
applications.

Because an iterative sequence of predicted trajectories must be
computed for each update, IPG requires approximately C x I x
T/ At; / At floating operations per second (FLOPS), in which Af; is
the integration step size (s), and At is the interval (s) between guid-
ance decisions. In an application summarized herein, end-game IPG
use of a six-degree-of-freedom set of differential equations to char-
acterize the translational and rotational responses of the guided ve-
hicle, plus further degrees of freedom for its actuators, sensors, and
inner-loop control law (autopilot), would require computing power
of approximately 10'° floating operations per second (10 GFLOPS).
A form of simplified IPG using only three-degree-of-freedom trans-
lational dynamics for this application imposes a throughput re-
quirement of approximately 1.0 GFLOPS. A military fire control
computer is usually occupied with many computations beyond those
required by the steering law, including computations for sensor con-
trol, track estimation and prediction, control of multiple simultane-
ous engagements, and damage assessment, so the total processing
burden can be much greater than these figures indicate. It is im-
portant to devise computationally feasible means for predictive gui-
dance that sacrifice little, if any, performance in comparison with
computationally intensive guidance methods.

To introduce the idea of RCEG predictive guidance, Sec. Il treats a
highly simplified exoatmospheric guidance problem. The intercep-
tor is unpropelled (except for divert thrust), and it and its ballistic
target are visualized as mass particles moving with known constant
differential ballistic inertial accelerations. Moreover, it is assumed
that steering accelerations of the guided vehicle are created with-
out lag (that is, with infinite actuation bandwidth). The maneuver
accelerations are assumed to be normal to the instantaneous veloc-
ity vector and to produce no change in tangential velocity. Errors
in state and parameter estimation are ignored. Solutions with and
without acceleration magnitude limits are obtained. Simple closed-
form solutions are obtained for T and the components of the steering
acceleration command.

Section III deals with a more general endoatmospheric RCEG
guidance formulation that assumes that 1) the trajectory of the tar-
get is known from tracking data (the solution is formulated for the
case of a target that is coning because of its tri-axial ballistics);
2) the acceleration response of the guided vehicle has the form of

a pure transport delay followed by a first-order exponential rise (or
fall) to the commanded acceleration level; 3) maneuver accelera-
tion of the guided vehicle acts normal to its instantaneous velocity
vector defined relative to the atmosphere; 4) induced (or crossflow)
drag acting on the guided vehicle is proportional to the square of
the resultant maneuver acceleration {for hypersonic speeds, this de-
pendence may be closer to the 1.5 power (reviewer)]; and 5) the
atmosphere density and guided vehicle aerodynamic coefficients,
mass, and airspeed are constant over T. Errors in state and parame-
ter estimation are again ignored. Closed-form solutions are derived
for T and the steering acceleration command that will produce zero
miss distance. This command may take the form of either a brief
pulse or a constant over the time to go; in either case the command
is readily subjected to saturation limits. A procedure is presented
in Appendix B for treating the effects of axial acceleration changes
over the T interval.

The RCEG solutions derived in Secs. II and III provide feed-
back steering laws that are tolerant of reasonable errors in physical
realization of the commanded maneuver accelerations. The simple
solution of Sec. II does not always degrade gracefully as acceler-
ation response dynamics are introduced, and particular care must
be exercised to verify its stability. The solution derived in Sec. IIl
is more robust, and closed-loop stability has not been found to be
an issue when using it. An attribute of the RCEG law in Sec. III
is that it produces smooth variation of maneuver acceleration, which
isknown to aid in obtaining accurate state estimates. The RCEG laws
are not asserted to be energy or time optimum. In weapon guidance,
optimality vis-a-vis energy management is important when making
midcourse trajectory adjustments, but the end-game imperative is
to eliminate terminal error.

Section IV summarizes the results of Monte Carlo simulation
runs. These used the RCEG solution of Sec. IlI and compared the
performance of this steering law with that of the simplified IPG. The
comparison considered end-game guidance of a representative hy-
pervelocity terminal defense projectile intended to engage strategic
and tactical threats.

II. Simple Case

If a guided vehicle (assumed to be unpropelled except for di-
vert thrust) and its ballistic target are moving in a “flat-Earth,”
constant gravity field outside the atmosphere, the differential bal-
listic acceleration of these objects is constant. If divert maneuver
accelerations of the guided vehicle can be created and removed in-
stantly after known intervals of delay, if these accelerations have
no magnitude limits and produce no changes in tangential velocity,
and if there are no state estimation errors, exact solutions exist for
T and the maneuver accelerations required to produce zero miss
distance.

Let x;, x, and x3 represent rectangular position coordinates
within a rotating Earth-centered Earth-fixed (ECEF) system hav-
ing its origin at the Earth center, its x; axis fixed in the equatorial
plane at a reference meridian, its x axis fixed in the same plane at
a meridian 90 deg. East of x;, and x5 directed along the North polar
axis. Let this system rotate about x; at the Earth sidereal rate wg. The
equations of ballistic motion of an object outside the atmosphere can
be written

1y = 20pk; + whx; — x1g/R )
¥opy = —2wgXk + wixy — x28/R @)
X3, = —x38/R 3
where
1
R=(x}+x3+x3)* ©)

Let ¢4, denote the time of closest approach of the guided vehicle
to its moving target, assuming both objects travel on purely ballistic
paths. Then, defining Ty = ¢, — ¢, and assuming T is small in the
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intercept end game, the position of the target at 7, may be predicted
by the second-order Taylor series

x1,(trs) = x7,(8) + Tz, (6) + $Tai, (1) (5)
For the interceptor, one may similarly predict

xp,(tr) = xp, () + Takp, (1) + § T3, (1) (6)
The predicted zero-effort miss distance at ¢4, is then

& (th) =Xt (tfu) —Xxp (th)

= Ax; (1) + T A% () + 5T A, (1) o

in which
Axi(t) = x7,(1) — xp, (£) ®
Aki(t) = X7, (1) — k(1) ©

and when assumed constant from ¢ to t,,
AX;y (1) = X, (1) — Xp, () (10

(If Tp were large, the flat-Earth, constant-gravity assumption in
Eqgs. (5-7) would be invalid, and Keplerian motion would have to
be considered.)

The RCEG computation derived later causes the three compo-
nents of £(¢z,) to be driven to zero by the guidance correction cal-
culated at z. This correction will, in geueral, modify the time of
closest approach, creating a new time to go

T =Ty + Aty =tg + Aty —1 (11

where At/ is the change in time of closest approach brought about
by the guidance action.

For now, let us specify that the guidance correction Xp, will be
computed as of time ¢, take effect as a step discontinuity at time
t + Ty, continue for an interval A¢, then return instantaneously to
zero at time t + T; + At. The transport delay 7, results from the
finite total time required to 1) update the tracking and guidance cal-
culations, 2) communicate steering commands to the interceptor,
and 3) provide for an assumed dead time in turn-on response of
the maneuver subsystem reaction motors. A command that remains
constant for two or more guidance intervals involves the T, lag for
the first interval only. The interval Ar should be the realistic mini-
mum duration of guidance action; it cannot be less than the turnoff
dead time of the reaction motors. The guided vehicle is assumed
to move ballistically except during intervals of guidance action. (In
Sec. I, the acceleration response model also includes the response
of the autopilot loop used to control aerodynamic maneuver forces
on the guided vehicle.)

Thus, for zero miss distance at the time of closest approach, one
has, by superposition, assuming AX;, (t) remains constant from ¢ to
t+T,

g+ T)=¢60)+Ae;(t,t +Ty))+ Agi(t + Ty, t + Ty + Ab)
+ Agi(t + T+ At 1+ T)
= Ax;(1) + Ty A% (1) + 1T7 A%, (1)
+ T — Ty — AP A%y ()
+ At AR () + Ty Ak, (O] + SAD Ak, (1) — Ep, (0]
+ (T = Ty = AD{ A% (1) + T4 A%, (1)
+ At[ A%, (1) — &5, (0]}

=0 (i=1,2,3) (12)

This simplifies to the following command function

1
AH(T — Ty — At/2)

Ep (1) =

x [Axi() + T A1) + T Ak, (0] (13)

We see that the steering command is proportional to the predicted
zero-effort miss. However, unlike conventional predictive guidance,
which would set the command proportional to Eq. (7), the RCEG
solution for this simple case involves gains T and 72/2 on the ve-
locity and acceleration terms, respectively, instead of Tp and 72/2.
Moreover, the overall gain, 1/At /(T — T; — At/2), varies differ-
ently from the inverse square of time to go, which is the practice in
conventional predictive guidance. The consequence of these differ-
ences is that this RCEG steering command gives single-correction
nulling of the final miss distance, acting at its earliest opportunity
to correct all of the predicted error. Conventional predictive guid-
ance attempts only to correct a portion of this error over any given
guidance interval At. The uncorrected portions tend to accumulate
and require saturation commands as 7 — 0. If the RCEG command
is of a magnitude exceeding the actuation authority of the guided
vehicle, the available maximum authority is used, and the solution
is recomputed At later. Saturation commands early in the end game
do not have the same adverse effect on terminal error as they do in
the final moments.

In this solution, as in most end-game steering laws, it is necessary
to estimate 7. One approach is to employ an iterative algorithm. To
govern the iterations, Lee® uses an objective function consisting of
miss distance and time. Hull et al.” minimize normal-acceleration-
weighted final time and, alternatively, final time. In highly demand-
ing end-game guidance, the optimum answer is that for minimum
miss distance. And iteration should be avoided, if possible, to reduce
computational lag and complexity.

The RCEG steering solution in the present derivation yields a for-
mula for T provided a suitable fourth condition is specified to sup-
plement the three conditions prescribed by Eq. (13) fori = 1,2, 3.
A convenient fourth condition is that X p_(¢) will act along a perpen-
dicular to the instantaneous velocity vector of the guided vehicle.
[For exo-atmospheric engagements, the maneuver acceleration vec-
tor is usually directed perpendicular to the relative velocity vector
between the target and guided vehicle (reviewer).] Therefore,

ipy, ()xp (1) + Xpy, ()Xp, (1) + Xp, (1)Ep, (1) =0 (14)

Generally, at least one component of X ,(¢) is nonzero. Dividing
by this component, one obtains, from Eq. (14), if xp, # 0,

ip (1) = _Zz g;xp ) — f: Eﬁ;m ) (152)
or,if xp, #0,
i, (= =21 8 i (1) = 2 ngp " (sb)
2 2
or,if xp, # 0,
fpy, (1) = _zj Eg Fpy (1) — j‘;z g;xpz ® (15¢)
3 3

Setting the index i in Eq. (13) to the number that corresponds to an
appropriate one of the relationships in Eqs. (15a-15c), the fourth
condition takes the form

2
[Axlm FTAR® + %Axlg(t)] f5,(0)
T2
+ [sz(t) + TR + Ay, (t)] $ry(0)

2
4 [Axs(f) T AR + %Axag(n] in® =0 (16)
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Ax()

AX() Eq.13

xpc<t>

| Transformation
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or 26

AX()

T

Eq.24

-

ayc

Coordinate |————
To Interceptor

(ECEF to Inter- az, Autopilot

ceptor Body)* ——————®

* In Section III,
ECEF to Interceptor
ay and ap Axes

Fig.1 Information flow in RCEG steering laws.

or

AT’ + BT +C =0 17

where
A = L[ A%, 05p (1) + Akz, ()R, (1) + Ads, (DR, (1] (18)

B = A% (D35 (1) + Ay (Dip, (1) + AsOkn () (19)
C = Ax ()xp () + Axy(£)Xp, (£) + Axs()Xp, (1) (20)
Accordingly,
T = —E 1 1- 4—{1—€ 21
=—5a\'F 5 2D

If |4AC| < B?, and if the square root is subtracted from unity,
the binomial theorem provides the approximation

T;BZAC_C
T 24\ B> ) B

_Ax(Dxp () + Axy (0)Xp, (1) + Axs (1) Xp, (0)
Ax ()xp, (8) + AXa(Ddp, (1) + AX3()Xp, (1)

(22)

whence

Aty = —Tg (23)
The general solution requires the negative sign ahead of the square
root in Eq. (21) because if C = 0, the value of T must also be zero.

Thus,
_B{,_ [ _4AC
2A B2

This value of time to go is used in Eq. (13), which then provides the
three components of the RCEG steering command.

A variation on the preceding solution has proven to be useful
for midcourse guidance. It specifies that the steering correction X ;.
will continue unchanged from 7 + 7, until ¢ + T'. Then, in place of
Eq. (12),

g +T)=¢g@)+ Agit, t +Ty) + Agi(t + Ty, t +T)

T = (24)

= Ax; (1) + TyA%;: (1) + 5T Ak (1)
+ (T — Ta) [A%i (1) + Ty Ay ()]
+ 3T = T [Afi, (1) — Ep, (0]

=0 i=123)

whence one obtains the command function

(25)

ip (1) = Axi() + TAK () + 3T A%, (0] (26)

|
(T —Ty)?
Note that this alternative design can have the same solution for T,
Eq. (24), as does the command function of Eq. (13). For endo-
atmospheric guidance using Eq. (26), AX;, should be estimated for

the complete path to go. Polynomial neural networks®® have been
used successfully for this purpose. The steering law of Eq. (26) is
also valuable for RCEG steering when 7, < T < At.

Figure 1 presents the information flow used in the RCEG steering
laws.

A variation on the solutions of Egs. (13) and (26) is that in
which the magnitude of the corrective acceleration is predetermined,
whereas its polarity and duration are to be calculated. Let W, (¢) de-
note the command duration for axis i, and note that W;(¢) > 0.
Continuing to assume that the guided vehicle mass is constant, one
obtains

. 1
O = ST — T~ Wi/
x [Axi(t) + T A% (1) + AT? A%, ()] 02))
whence
W) =(T —-Ty)
2[Axi(6) + TAx:(6) + 1 T2 A%, ()]
|1 \/ - T~ Ty, 0 9

where X}, (#), the corrective acceleration, has a given magnitude
and a pola{rity prescribed by Eq. (27). The solution for T can again
be that of Eq. (24). The case of variable mass also has a closed-form
W, (2) solution, not presented here.

In general, the steering laws of Eqs. (13) and (27) will use more
maneuver energy in the presence of estimation errors than the solu-
tion of Eq. (26), whereas Eq. (26) will produce greater miss distance.
In the end game, miss distance is the greater concern.

III. General Case

Assuming, as before, perfect knowledge of the states of both ob-
jects, the other assumptions of Sec. II will now be relaxed or mod-
ified as follows. We suppose the guided vehicle and its target to be
moving inside the atmosphere and that the guided vehicle uses aero-
dynamic forces to maneuver. The target object is viewed as descend-
ing on a nominally ballistic trajectory but exhibiting small pitch and
yaw oscillations that produce a coning motion having slowly vary-
ing total aerodynamic angle and constant frequency. The differential
ballistic acceleration of the two objects is updated at each decision
time during the engagement to account for the fact that aerodynamic
steering of the guided vehicle produces induced drag that alters its
ballistic acceleration. Of particular importance to synthesis of a
stable feedback law, the derivation now makes no assumption that
maneuver accelerations of the guided vehicle can be created and
removed instantaneously. High-order characteristics of the autopi-
lot loops of the guided vehicle, including body rotational dynamics,
the dynamics of actuators and sensors, and computational lags, are
treated as lumped-parameter effects. Results of detailed simulations
have verified that the lumped-parameter characterization provides a
noniterative feedback law equivalent in its performance to iterative
predictive guidance and tolerant of off-nominal values of system
parameters.
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a(t-At)

|1

t-At+T; t t+Ty

]

t+At t+At+Ty

t+T

(N

Fig.2 Hypothetical acceleration responses to steering command at 7.

The first step in the more general RCEG steering law deriva-
tion is to set forth the endo-atmospheric equations of motion. From
Appendix A these can be expressed as

D
Y 29)

~

where D, Y, and L are defined in air-path (wind) axes; F is a rotation
matrix defined (Appendix A) in terms of latitude, longitude, and
trajectory climb angle y and heading angle x; and F, is a vector
defined in Appendix A in terms of x, X, latitude, and longitude.

For the guided vehicle, X becomes X ,, F,, becomes F, , F is
denoted F _, and, restricting attention to small « and 8, and assuming
a quadratic drag polar,

D =gpSp (CA — Ky + KNOlZ) (30)
Y =qpSp(Ky +Cs)B (€2))
L =qpSp(Ky —Cala (32)

in which gp is dynamic pressure (gp = % ppV?, where pp is at-
mosphere density at the altitude of the guided vehicle and V is the
airspeed of the guided vehicle), Sp is a constant reference area,
and Ky = Cy, and Ky = Cy, are nondimensional sideforce and
normal-force partial derivatives with respect to 8 and «r, respectively.
Perfect knowledge of C4, Ky, and K is here assumed.

For the target

s Cor
T p | Cyoyarsintor +2) (33)

=T
mr Cropotrcos(ot + Q)

Xp=Fo +

where Cp, is the drag coefficient, C N is the partial derivative of
the normal force coefficient with respect to angle of attack, o is the
coning angular rate, and 2 is the coning phase angle at ¢t = 0. The
problem of estimating target parameters is not considered here.

Assuming that the guided vehicle is axisymmetric, Ky = —Ky.
Solving Egs. (31) and (32) for B and «, respectively, and substituting
into Eq. (30) divided by m, one obtains

_qpSpCy KNmP(“%’ +a§)
- mp qgrSp(Ky — Ca)?

D/m (34)

inwhich ay = Y/mp and ap = L/mp. Thus, for this vehicle

qrSpCy 4 KNmP(a% + ai)
2
A B A e
Y
ar

We next expand the predicted zero-effort miss distance in a cor-
rected second-order Taylor series

e(tsy) = Ax(t) + TAL(t)

+ AT AR () + 8xy, (t7,) — 8xp, (1) (36)

where the last two terms are the contributions of changes in the
ballistic accelerations of the threat and guided vehicle, respectively,
over the interval between ¢ and ¢4,. [Ideally, the predicted ballistic
miss distance, Eq. (36), will be eliminated by implementation of a
perfect guidance decision made at ¢.] In the present, more general,
treatment, there are three major topics not treated in Sec. II: 1) use
of the endo-atmospheric equations of motion, Egs. (33) (including
coning) and (35); 2) periodic updating of AX,(¢) in Eq. (36) to
account for a nonzero difference between the last two terms in the
prediction; and 3) a more complete lumped-parameter modeling of
guided-vehicle responses to ay and a; commands.

Hypothetical incremental motion of the guided vehicle in re-
sponse to ay and a; commands at ¢ is shown by the plot in Fig. 2,
where two solutions are illustrated. In formulation A, it is assumed
that the guided-vehicle divert accelerations respond (with lag) to
commands ay, and a;_ that are constant over the interval (¢, t + T)
and produce zero predicted miss distance. In formulation B, it is
assumed that the predicted final error is nulled by a guidance com-
mand that is confined to the interval (¢, t + At). Because both the
computation algorithm and the realization of the computed guid-
ance actions for these formulations are, in the real world, imperfect,
it is likely that further guidance actions will become appropriate at
t + At, t 4+ 2At, and so forth, with each subsequent action chosen
to use the latest tracking information available at the relevant time
of decision and null the residual predicted final error from all pre-
vious actions. Note that formulation A will usually produce smaller
acceleration commands than formulation B.

The lumped-parameter solution for the autopilot-loop accelera-
tion response of the general RCEG steering solution is characterized
by a transport delay 7 as in Sec. II, followed by a linear first-order
response having a time constant 7 (assumed to have the same value
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for thrust growth and decay). The first-order portion of the response
model represents the assumed behavior of the interceptor accelera-
tion subsequent to the transport delay. The guidance update interval
At is usually much less than r, but always at least equal to 7. It
is assumed that the response to a sequence of guidance commands
can be calculated via superposition. As shown in Fig. 2, a decision
is made at time ¢ concerning the air-path axes (wind-axes) accel-
eration command a.(f) used in this analysis to represent, in turn,
ap, (1), ay (), and a;_(¢f). A measurement at time 7 of the existing
divert acceleration provides a(t); moreover, it is known that the sys-
tem is responding to its prior command, a.(t — At), for which the
delayed response of the system began at time (¢ — At + T;) at the
acceleration level then existing. During the interval (¢, t 4+ T,;) the
system continues to move along arc no. 1, for which the equation of
divert acceleration response is

ai(t*) = a.(t — A + Hlexp(—g) 37
where
Hy =la(t — At + Ty) —a.(t — At)]exp(#) (38)

In general, a.(t) # a.(t — At), and the acceleration a(¢*) moves
along a new path, arc no. 2, in Fig. 2 beginning at time (¢ + T).
Accordingly, over the interval (¢ 4 75, t + T') in formulation A,

a () = a(t) + [a(t + Ty) — ap(t)lexp (—’—"Tj) (39)

However, a(r + Ty) is not observable at time ¢, although it is readily
predicted by setting t* = ¢ + T, in Eq. (37),

t+T,
a(t + Ty) :ac(t—At)—{—Hlexp(— —:_ d) (40)
and therefore Eq. (39) takes the form
t*
a(t*) = a.(t) + Hzexp(-?) 3))

in which

H, = H, + [a.(t — At) — ac(l‘)]exp(t tTd) “42)

In formulation A it is assumed, for the purpose of calculating
a.(1), that the divert acceleration moves along arc no. 2 from time
(¢t + T;) until the threat is intercepted at (¢ + T). In formulation
B, however, it is assumed that the divert acceleration decays toward
zero beginning at time (¢ + At + Ty). In both formulations one
solves for the guidance acceleration command a.(¢) that nulls the
final error.

It is evident that formulation A is a special case of formulation B,
and it is convenient to employ a binary variable b that is unity for
B, but zero for A, and vice versa for b. Accordingly, the guidance
acceleration for t* >t + At + T, becomes

as(t*) = bay(t*) + b

x [a(t + At + Td)]exp(—i;_rm_—g> 43)

Although a(t + Atz + T,) is not observable at time ¢, by setting
t* =t + At 4+ T, in Eq. (41), one has the prediction

t+At+Td)

at + At +Ty) =a.(t) + Hzexp(— “44)

and therefore Eq. (43) becomes

a3(t*) = bay(t*) + b x [ac(t) + Hzexp(-f—w)]

-t — At =Ty
x exp| —~————~4 (45)

T

Substituting Eq. (41) for a,(+*)

a;(t*) = ba.(t) + H3exp< ﬁ) (46)

7
wherein (because b + b = 1)

Hy=H+bx [ac(t>1exp(ﬂ}ﬂ> @

The generalized velocity increment produced by divert action
over the interval (¢, £**) is thus

+Ty ATy
8v(t**)=/ a (t%) dt*+/ a(t*) dt*
t t

+Ta

i

+ / a3 (t*) dr* (48)
ATy

The first integral in Eq. (48) is

Ty
f a (") dt* = [a.(t — AD]T,

—TH, X [exp(—H;Td) —exp(—%)] (49)

The second integral is

t+A+Ty
f a(t*) dt* = [a.(t)] At

+Ta

At + T, t+T,
—szx[exp(——~——————t+ r+ d)—exp<~ td>] (50)

The third integral is

1%

f as(t*) dr* = b x [a. (O ~t - At — T)

+ALHTy

A t At T,
—7H; x [exp(——r—) - exp(—i—?i—")] (51

And so Eq. (48) becomes
Sv(t™) = Hy + b x [a. ()]

t**
X —t— At —T;) — rH3exp(——) (52)
T

where
Hy = [a.(t — ADIT, + [a-(1)]At

t t T.
+17 X I:Hlexp(—T) + (H; — Hl)exp<— +r d)

+(Hs — Hy)exp (—’—TLAT’—J’T"H (53)

Substituting Egs. (38), (42), and (47) into Eq. (53) produces the
simplification
Hy = la.(t — ADIT + ) + la. (O AL + (b — D]

+rx[a(t — At +Ty) —a.(t — At)]exp(Td ; A’) (54)

The generalized air-path axes position increment produced by
divert action over the interval (¢, ¢t + T) is, from Eq. (52),

+T
8p(t-|—T)=/ Sv (™) d**
t

={Hs — b x [a.(D]( + At + TO)T

+b x [aOI[¢ +T)* -] /2

+12H3 X [exp(—#) — exp(—%)] (55)
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If the desired value of 8p(t + T') is known, one may solve for
a.(t). First, denote by £'(z;,) the air-path axes steering correction
needed to null the miss distance. Then, reassemble Eq. (55) by sub-
stitution of &'(t4,) for §p(¢t + T') and Egs. (54), (47), (42), and (38):

&'(ts,) = T[Go(t) + Gra.(1)] + 1 T?ba.(1)

+3[Galt, T) + Gs(t, Ta ()] (56)
where the prime in &'(t;,) denotes air-path axes; Go(t), Gi,
G1(t, T), and G3(¢, T) are independent of a.(¢) and are defined as

Go(t) = la.(t — ADIT; + 1)

+1 x [a(t = At + Ty) — a (¢ — At)]exp(T"—;—Af) (57

Gi=At+(b-—Dr—bx(Ar+T) (58)

G, T) = [[ac(t - At)]exp(t tT”>

+lalt ~ At + Ty) —a.(t — At)]exp(%_}_—n)]

x l:exp(—%l) - exp(—%)] (59)

t T t
X [exp(—+—) - exp(——)] (60)
T T
Solving Eq. (56) for a.(¢), one obtains

alt) = &(ty,) - TGo) ~ 7°Ga(t, T) D
¢ TGy + iT?% + 12G3(t, T)

where a. (1) and €' (5, ) denote, in turn, the components of the accel-
eration command and predicted ballistic (zero-effort) miss distance
projected along 1) the guided-vehicle drag axis, 2) sideforce axis,
and 3) lift axis. The other terms in Eq. (61) incorporate the com-
pensation required for dynamic inversion of the behavior of the
reduced-order model of the guided-vehicle autopilot loop, given the
engagement time to go 7. The required guidance correction within
the ECEF coordinate system is, from Eq. (36),

(try) = Ax(®) + TA(t) + 3T, (1) — 3717
+8x7, (0 +T) —8x,, (1 +T) (62)

This correction is dependent upon the guided-vehicle accelerations
along its air-path drag, sideforce, and lift axes, even though drag
usually is not controllable independently.

kg (1 +T)

We shall now examine further the last four terms in Eq. (62). For

the target
Cp,

E (t) Cn, arsin(ot +€) | (63)
CNmT arcos(ot + 2)

qr(t)Sr

ig, () = Fy (0+

For the guided vehicle, assuming constant axial force and zero lift
and side forces over the interval (#, ¢ + T),

Ca(®)
qp(t)Sp !

ips(t) =E0P(l‘)+ ﬁ_P(I) 0 (64)

Changes in the axial force over (¢, t+ + T) and other high-order
effects produce a nonzero 8_xTB (t + T). However, as T — 0, the
values of both of the differential ballistic acceleration correction
terms over the path to go, 8x,, (¢ + T) and éx p, (¢ + T, become

negligible. For an end-game steering law employing feedback, i.e.,
a sequence of corrections, it is usually permissible to neglect these
terms. (The results summarized in Sec. IV were obtained with these
terms ignored.)

Thus,

& (ts5) = E-'e(ts)
2 F lé&(t) + TAL() + $T[Fy () — Fy, (0]
Cp,

F (t) CNaT or Sin(Ut -+ Q)
CNaT ar cos(ot + Q)

Cs(t)
1 29p()Sp 4
T [ 0 ] (65)

and therefore, expressing a.(¢) in terms of its components along
guided-vehicle drag, sideforce, and lift axes, respectively,

n Tz‘]T(t)ST

ap, () = K x [fllp(t)gl(tfg) + lep(t)éz(tfg) + fslp(t)53(tf3)

—TGop(t) — 12Gop (1, T) —

%Tqumspc,a(z)] 66)

mp

ay, (1) = K x [ fro, & (t7,) + Frop D82 (t1,) + Frop (D83(1,)

ar (t) = K x [ fus, )& (1,

)

~TGo, (1) = T°Ga, (1, T)] (67)
)+ fop OE ) + fra, DE5(17,)
]

~TGo, (t) — T°G, (¢, T) (68)

where
g,‘ (t fB) =

+ szqT( )S {leT(t)CDT + fzzr(f)[CNa oy sin(o? + Q)]

Axi(1) + T A% () + 3T Fyp, (1) — Fy, (8]

+ fiay )[Cn,, or cos(ot + 1} (69)
and the gain X is defined as

K =1/[TG, + §1% + 1*G3(1, T)] (70)

Note that & (¢s,) excludes the effect of the C4(t) term, which (for
small o and 8) influences ap,_(¢) only.

Eqgs. (66-68) are roughly analogous in function to Egs. (13) and
(26) of Sec. I. As before, an estimate of T is needed. If ap_(¢) is
zero, the steering command is perpendicular to the instantaneous
velocity vector V ,(¢) and therefore satisfies Eq. (14), whence Eq.
(24) is again the solution for 7. However, there usually is no phys-
ical mechanism for independent realization of ap, (¢). Moreover,
because of induced drag, acceleration of the guided vehicle along
its drag axis has a power-law dependence on ay,(¢) and a,,(?),
as shown in Appendix B. Should the estimate of 7 be modified to
account for nonzero ap, (1)?

The calculated ay, (¢) and a;_ (¢), Eqs. (67 and 68), imply a resul-
tant velocity divert angle (¢). If one uses formulation A, the approx-
imate error in n(¢) that results from an error &7 in estimating T is

L er [a,z,c ) +aj, (t)] z
= V()

But the contribution of ap, (¢) to er is approximately

- lax@®l 1AxIl  TPap, (1)
Er = — = -

Ve(t) +Tap, (9 Ve(t) Ve (1)
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and therefore

. TzaDp (t)

&y = V,E(t) [af,c @+ a,z_c(t)]i

The miss distance produced by a single steering correction (not feed-
back law) for which the estimate of 7 neglects the effect of ap, (¢)
is thus approximately

T3ap, (H[ad, (1) + a2, ]’

8(t,T) =, TVp(t) =— AT

D

where

ap, (1) = fup () Fio, (1) + fa1, () Foy, () + f31, () F3, ()

L r®8:Ca0) | KnOmr [a}, (1) +a} )]
mp qgr(t)Sp[Kn(t) — Ca()]

These equations can help one determine if the value of T estimated
via Eq. (24) will be sufficiently accurate. Note that with Eq. (24) the
estimated 7 is usually slightly greater than the actual 7', producing
a small tendency for the RCEG steering commands to be weaker
than their ideal values. With a feedback form of guidance law this
should not be a serious problem.

However, to consider more precisely the effect of ap,(r) on T,
one may derive the second integral of the component of guided-
vehicle acceleration response acting along its drag axis subsequent
to a divert command issued at ¢:

8p(t, T) = Ep(t){T[Jray + Jiay + ity - ar.(t)

(72)

+ gy - ar (1) + Jiey - ay () + i, - af (D]
+ 3T Jaay + Jaay, + oy - Ay, () + Japy - AL (1)

+ Joey - a3 () + Joe, - ar, (D]} (73)

for which the parameter groups are defined in Appendix B. To a first
approximation

er =6p(t, T)/ Ve (1) (74)

and thus one may use as a more accurate estimate of the time to go
T = [Tfrom Eq. (24)] — [erfrom Eq. (74) using T from Eq. (24)]
(75)

IV. Simulation Results

The RCEG steering laws of Secs. II and III have been evaluated
in closed-loop simulations involving ballistic, coning ballistic, and
boosted targets. It has been found that versions of the simple case
treated in Sec. II are appropriate for exo-atmospheric engagements
in which the guided vehicle employs on-off reaction motors for its
divert maneuvers.

The general case treated in Sec. III is appropriate for endo-
atmospheric intercepts. Use of formulation B from Sec. III, with
time to go computed from Eq. (24), has been evaluated for a notional
hypervelocity endo-atmospheric projectile of a type suitable for de-
fense against strategic and theater missile threats. The results of this
evaluation are summarized next. The simulated endo-atmospheric
projectile is a command-guided kinetic kill vehicle that would be
gun or rocket launched to an initial speed of 2—4 km/s. It would
be unpropelled during its guidance maneuvers and would employ
aerodynamic maneuvering. Classical guidance laws, such as pure
proportional navigation, were simulated but did not meet the termi-
nal accuracy requirement in this application.

The RCEG steering law was installed in a detailed six-degree-of-
freedom simulation, ENDOSIM,'® used for the Strategic Defense
Initiative (SDI) and other interceptor guidance-law evaluations, and
an independent test of the RCEG law was performed using the
preceding projectile characteristics and hypothetical parameters for
a pure-ballistic re-entry target. Fifty Monte Carlo simulation runs

Table 1 Nominal intercept conditions

Crossing angle
Downrange, Crossrange, Altitude, at intercept,
Scenario km km km deg
1 10 0 8 Nil
9 15 8 30
3 18 0 18 Nil

Table 2 Miss-distance statistics for RCEG law
and a simplified IPG guidance law

Mean distance Standard deviation of distance

Scenario RCEG IPG RCEG IPG
1 3.08 3.26 2.12 2.15
2 4.96 4.75 2.74 2.72
3 9.23 9.51 8.18 8.81

were computed for each of three nominal intercept conditions. These
runs had different timing errors associated with turn on and turn off
of the autopilot reaction control thrusters in the guided vehicle. The
timing errors had a standard deviation of 0.3 ms. The nominal in-
tercept conditions are given in Table 1.

The miss-distance statistics for the RCEG law and a simplified
IPG guidance law for the same Monte Carlo tests are given in arbi-
trary units in Table 2. It is believed that neglected error sources do
not affect these comparative results.

All of the simulation runs used a high-order, nonlinear simulation
of the projectile and its actuation subsystem. The parameter values
in the RCEG law were an assumed transport delay 7; of 0.010 s and
an assumed autopilot-loop time constant T of 0.065 s. Both end-
game steering laws were invoked for the final 1.0 s of each intercept
and used a command update interval At of 0.010 s. The predictive
guidance law (simplified IPG) used in this comparison did not em-
ploy iteration at the time of decision but over successive decisions. It
made a translational three-degree-of-freedom predicted-miss calcu-
lation via numerical integration at each guidance update, assuming
continuation of the acceleration command calculated from the im-
mediate prior time of update. (For the first guidance interval, the
prior command was taken as zero.)

The RCEG steering law required a computational throughput ap-
proximately 36 times less than that of the simplified IPG law.

Separate tests of the robustness of the RCEG law were made by
the author and a colleague using the lumped-parameter model of the
autopilot loop in a three-degree-of-freedom point-mass simulation
of the hypothetical projectile. With the aforementioned parameter
settings in the RCEG law, its accuracy was largely insensitive to
off-nominal values of the projectile autopilot parameters as long
as those parameters were confined to the following simultaneous
(random three-parameter variations) ranges of variation: 0.005 s
< T; £0.0205,0.040 s < v < 0.100 s, and Az < 0.024 s. The
simplified IPG accuracy deteriorated for At > 0.010 s, and the
RCEG law accuracy deteriorated for At > 0.024 s. Thus, the RCEG
law allows use of a larger update interval.

The heavy computational load associated with IPG laws adds to
the guidance loop delay 7, and this in turn would degrade per-
formance using IPG. On the other hand, the reduced computation
requirement of the RCEG law allows it to operate with a minimum
T, (reviewer).

The sensitivity of RCEG law miss distance to initial heading
error, crossing angle, maneuver g limit of the guided vehicle, and
end-game time have not been investigated. It is believed that these
are comparable to the IPG law sensitivities for small end-game time
(1.0 s or less in the present example).

V. Conclusions

RCEG exo-atmospheric and endo-atmospheric steering laws have
been derived analytically in closed form to reduce the computa-
tional burden for accurate predictive guidance of high-performance
weapon systems. The RCEG formulation provided a throughput
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reduction of approximately 36:1 relative to a simplified form of
IPG. Monte Carlo and other simulation tests have verified that the
RCEG steering laws are competitive in miss distance with an it-
erative predictive guidance (IPG) algorithm requiring substantially
more computation and are robust in the presence of off-nominal
characteristics of the guided vehicle. State estimation errors have
not been considered. The derivation of the endo-atmospheric RCEG
laws also incorporates a provision for efficiently coping with target
trajectory oscillations of the type produced by “coning” rotational
motion of the target vehicle.

Appendix A: Elaboration on Endo-Atmospheric
Equations of Motion

The vector F, appearing in Eq. (29) has the components

Fy, = 2wpXs + w)zgxl —kimg (AD)
Fo, = —2wgpi, + 0xy — ko g (A2)
Fo, = —ksnig (A3)

The matrix F in Eq. (29) is

Su S fi
E=|/fa fo fa (A4)

i o fa

in which

fit=—kjusiny —kypcosy (AS)
Si2 = ko (A6)
fis=—kpsiny + kg cosy (A7)
fa =~k siny — kapcosy (AB)
Sz = koo (A9)
S = —kaasiny + kyicosy (A10)
f31=—ksnsiny —ksppcosy (AlD)
S =k (A12)
f3 = —kapasiny + kspy cosy (A13)

where y is measured positive upwards.
The k;j; parameter groups are

k111 = cos A cos A (Al4)

kji2 = —cos Asind.cos x —sin A sin (A15)
k110 = cos AsinAsin y — sin A cos x (A16)
ko = sin A cos A (A17)

ky;» = —sin A sin X cos x + cos A sin (A18)
koo = sin A sin A sin x + cos A cos x (A19)
k3 = sin) (A20)

k31p = cos A cos x (A21)

k3zp = — cos A sin x (A22)

where A=tan™'(x2/x1), A = tan™" [x3/(x? + x%)%], and x is mea-
sured positive to the East of North.

Appendix B: Procedure for Treating Effects of Axial
Acceleration Changes over the T Interval

Steering maneuvers produce induced forces along the guided-
vehicle drag axis, and these forces can influence the time to go 7.
Assumingthatgp,mp,Cys, Ky, and F _ are constant during the end-
game time to go, one may model the induced drag approximately
via the squares of ay and a;, thus obtaining Eq. (73), in which

T 2t
Jio = Hs, — —2—H32aexp (—?> (B1)

- 13 2t
J]b = H5b — 2'(bH3anp (—?) — 1:H3aH3bexp (——) (B2)
T

T

— - t
Jio = Hs, + bt — 2tbHypexp (‘F) :

Hfbexp(——gi) (B3)
T

2t
Joy = HZexp (—?) (B4)

- t 2t
sz = 2bH3anp (—?) —+ 2H3a H3bexp (—-‘['—) (BS)

- t
he=hx [1 + 2Hypexp (—7)] + Hexp (_2_’) (B6)
T
wherein
Ha, = Hy +a(t — At) x exp (“24) (B7)

Hy, = exp (%) [b X exp (%l) - 1] (B8)

Hs, = a’(t — A1) x Ty

2
t+ T,
+%[H1+ac(t—At)xexp( + d)]
T
(2t+2Td>[ <2At> ]
xexp{ ——— | jexp{ —— | =1
T T

2t +2At + 2T,
_%H;exp(~——~——+ T+ ”’)} (B9)

Hyp =1 X% {2 [H1 +a.(t — At) x exp (t —*;Td)]

() e (5)-]

x exp| — exp| —— ] -1
T T

_ [Hl +a.(t — At) X exp(H;Td>:|

(=) e (5) ]

xexp| — exp| —— | -1
T T

_ t+ At +T,
—_— 2bH3aexp (_ Q.)
T
2t +2At + 2T,
 Hy, Hyexp (_Ltg) ] (B10)
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Hse = At —b(+ At +T))

b))

(Sl
—
<]
>

<
|
N
|8
<
SN—
|
—
1

- t+ At +T,
4 2bH3bexp (_ j....j:.l)
T
2t +2At + 2T,
—+—%H32bexp (__+—+"_)} (B11)
T

Accordingly, the second integral of the acceleration response of
the guided vehicle to a steering command at ¢ is

Ep(t){e}
T[Go, + Gray, (1)) + §T%bay, (1)
T[Go, + Grar (1) + §T%bay, (t)
(B12)

5x,(t+D=F ()

where {e} is the bracketted expression in Eq. (73)
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